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Abstract In this paper, we study the existence of solutions of some kinds of operator 
equations via operator inequalities. First, we investigate characterizations of operator 
order A ^ B > and chaotic operator order log A ^ log B for positive definite operators 
A, B in terms of operator equations, and generalize the results in [S]. Then, we introduce 
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operator equations are researched and related characterizations of solutions are proved. 
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1 Introduction 

A bounded linear operator A on a Hilbert space H is said to be positive if {Ax, x) ^ 
for all x & H. A ^ and A > mean a positive semidefinite operator and a positive 
definite operator, respectively. If X > 0, log X is defined as log X = lim a ^ + Q xa ~ I ■ We 
call the relation log A ^ log B chaotic operator order (in symbol: A B). 

In 1987 and 1995, Furuta showed the following operator inequalities: 
Theorem 1.1 (Furuta Inequality) [2]. If A ^ B ^ O, then for each r ^ 0, 

(B^A p B^)« ^ (B^B P B^)«, (1.1) 

{A^A P A^ > {A^B p Al)\ (1.2) 
hold for p ^ 0, q ^ 1 with (1 + r)q ^ p + r. 

Theorem 1.2 (Grand Furuta Inequality) [3]. If A ^ B ^ O with A > O, then for 
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t g [0, 1] and p > 1, 

^ 1 -' +r ^ {A^(A-^B' p A-i) s Ai)^ E ^ (i.3) 

for s ^ 1 and r ^ t. 

In 1996, Tanahashi proved the conditions for p and q in Furuta Inequality are the 
best possible if r in [7J; In 2000, he proved the outer exponent value of Grand 
Furuta Inequality is the best possible in [8]. In 2008, Yuan et al. proved a new operator 
inequality, which is called Complete form of Furuta Inequality: 

Theorem 1.3 (Complete form of Furuta Inequality) |llj . Let A ^ B ^ O, r ^ 0, 

P > Po ^ 0, and s = min{p, 2po + min{l, r}}. Then 

(A%B P0 A%)^& ^ (AiB p Ai)^. (1.4) 

Yuan et al. also proved the optimality of the outer exponent of Complete form of 
Furuta Inequality under the condition of {2po + min{l, r}} ^porr ^ 1 with 2po + 1 < p 
in |11| . There were many related studies on Complete form of Furuta Inequality, such 
as [12], [13]. 

Recently, some kinds of operator equations have been shown and given deep 
discussion via Furuta inequality and grand Furuta inequality (see [5], [9]). In [5], C.-S. 
Lin proved the following two theorems, which the characterizations of operator order 
A ^ B > and chaotic operator order A B for positive definite operator A, B in 
terms of operator equations are discussed, respectively: 

Theorem 1.4 [5]. For r ^ and a nonnegative integer n ^ such that 

(1 + r)(n + 1) = p + r (so, p ^ 1), the following assertions are equivalent. 

(Al) A > B > O ; 

(A2) A 1+r > (A r l 2 B v A r l 2 )~^ ■ 

(A3) (B r l 2 A p B r l 2 )^ > B 1+r ; 

(A4) there exists a unique S > O with \\S\\ ^ 1 such that 

BP = A 1 / 2 S{A 1+r S) n A 1 / 2 = A 1 / 2 (SA 1+r ) n SA 1 / 2 ; 
(A5) there exists a unique S > O with ||S|| ^ 1 such that 

AP = B 1 / 2 S- 1 (B 1+r S- 1 ) n B 1 / 2 = B l l 2 {S- l B l+r ) n S- l B 1 ' 2 . 
Theorem 1.5 |5j. For p, r > and any integer n ^ 1 such that r(n +1) = p + r, the 
following assertions are equivalent. 
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(Bl) A > B ; 

(B2) A r ^ {A r / 2 B p A r / 2 )~^ri ; 
(B3) (B r / 2 A p B r / 2 )^ > B r ; 

(B4) there exists a unique T > O with ||T|| ^ 1 such that 

BP = T(A r T) n = (TA r ) n T ; 
(B5) there exists a unique T > O with ||T|| ^ 1 such that 

A p = T~ 1 (B r T~^) n = (T~^B r ) n T~ 1 

In this paper, we will show generalized characterizations in terms of operator 
equations due to Theorem 1.4 and Theorem 1.5. Then, we will give some applications 
of Complete form of Furuta Inequality in operator equations. 

In order to prove our results, let's recall some well-known theorems: 
Theorem 1.7 (Lowner-Heinz inequality) [BJ, [I]. A B ensures A a ^ i? a for any 
a e [0,1]. 

Theorem 1.7 assures that A^B>0=^A^>B. 
Theorem 1.8 (Douglas's majorization and factorization theorem) [T]. The following 
assertions are equivalent for any operators A and B. 

(a) range(A)C range (B); 

(b) ^4^4* ^ XBB* for some A ^ (majorization); 

(c) There exists a bounded operator C such that A = BC (factorization). 
Moreover, if (a), (b) and (c) are valid, then there exists a unique operator C such that 

(i) ||Cf = m/{/^* ^BB*}; 

(ii) Null(A)=Null(C); 

(hi) range(C)C range(i?*). 
Theorem 1.9 [ID]. For A, B > O, A ^ B if and only if 

A l+t+r ^ ^ A r/2^ A t/2 B p A t/2y A r/2^{l+t+r)/{(p+t)s+r) 

holds for p > 1, t > 0, r ^ and a ^ |±f . 

Theorem 1.10 [TO] . For A,B > O, log ^4 ^ log 1? if and only if 

^* +r ^ M r / 2 M*/2_BP^V2)*^r/2\(t+r)/((p+t)s+r) 
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holds for p > 0, t ^ 0, r ^ and s ^ 

2 The characterizations of operator order A ^ B > O and 
chaotic operator order A^> B 

In this section , we will show further development of characterizations of operator 
order A ^ B > and chaotic operator order log A ^ log B for positive definite operators 
A, B in terms of operator equations due to Lin's results in [5]. 

Throughout this section we assume that A, B are positive definite operators. 
Theorem 2.1. For r ^ 0, i ^ 0, p ^ 1 and a nonnegative n such that (p + t)s + r = 
(n + 1) ■ (1 + 1 + r) (so, s ^ ^f)j the following assertions are equivalent. 
(CI) A ^ 5 > O ; 

(C2) A 1+t+r > (A r / 2 {A t / 2 B'PA t l 2 ) s A r l 2 )^ ; 
(C3) (B r l 2 {B t / 2 APB t l 2 ) s B r l 2 )^ > B 1+t+r ; 
(C4) there exists a unique S > O with ^ 1 such that 
B p = A- t 2(A^ L {SA 1+t+r ) n SA 1 i L ) 1 sA- t 2 
= A-*(A*¥s(A 1 +*+ r S) n A k P)$A-* ; 
(C5) there exists a unique S > O with || f S'[| ^ 1 such that 
AP = B- t 2{B 1 i L (S- 1 B 1+t+r ) n S- 1 B 1 ^fsB- t 2 
= fl-!(B i * i 5- 1 (S 1+ * +r 5- 1 ) n B i ^)^-i. 
Proof. 

(CI) => (C2) is obvious by Theorem 1.9. 

(C2) =>- (CI). Take n = 0, t = 0, r = in (p + t)s + r = (n + 1) • (1 + t + r) and (C2), 
then = 1 and A ^ B. 

(C2) 4^ (C3) holds by ^ > 5 > O <^ > ^ > O . 

(C2) =4> (C4). According to Theorem 1.8, there exists C with ||C|| ^ 1 such that 

( A r/2( A t/2 B p A t/2y A r/2)2&v = A ^ C = C* A^ . 

Take S = CC*, by ||C|| ^ 1 and C is determined by A and B, we have ^ 1, S 
is unique, and (A r / 2 (A t / 2 BPA t / 2 ) s A r / 2 )^ = A^^SA 11 ^. Therefore, the following 
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equalities hold. 

A r/2 {A t/2 BPA t/2y A r/2 = ( ^i±|±T ^i+f+T )n+ l = {g j^+t+ry g . (21) 

A r/2 {A t/2 BPA t/2y A r/2 = ^i±|±r )n+1 = ^ i±p ^l+t+r- S y A ^ _ (22) 

By (2.1) and (2.2), (A'/ 2 £M*/ 2 ) S = A 1 * 1 (S^+TSA 1 ? = A^S^+^^M 1 ^, 
then (C4) is obtained. 
(C4) => (C2). 

= (^/ 2 (A'/ 2 ^-'/ 2 (^^(^ 1+ * +r )"5A^)VM"*/ 2 ^/ 2 ) s ^/ 2 )^i 
= (A^^+'+T^ 1 ^)^ 

= A 2 2 

^ A l+t+r . 

The first equality is due to the equation of (C4), and the last inequality is due to 
O <S ^ \\S\\I ^ I. 

(C3) (C5). By (C3), we have J B-( 1 +*+ r ) > (B~ r / 2 (B~ t / 2 A~ p B~ t / 2 ) s B~ r / 2 ) : ^ : . 
According to Theorem 1.8, there exists C, such that ||C|| ^ 1, and 
(B-^iB-^A-PB-^yB-r/ 2 )^) = B-( 1+t+r )/ 2 C = c*B-( 1+t+r V 2 . Take S = 
CC*, because ||C|| ^ 1 and C is uniquely determined by A and B, we have ||5|| ^ 1 
and S is unique, and {B- r l 2 {B- t / 2 A-PB- t / 2 ) s B- r l 2 )^ = £-(i+«+r)/2 5B -(i+t+r)/2 _ 
Therefore, the following equality holds. 

B r/2^ B t/2 A p B t/2y B r/2 

= (B-^iB-^A-rB-t/yB-r/ 2 )- 1 

= (£-(l+<+0/25<£-(l+t+r)/2)-(n+l) 

= (_g( 1 +*+ r )/2 ( 5-l^(l+t+r)/2^n+l 

_ £(l+t+r)/2g-l/£l+t+rg-l\n£(l+t+r)/2 

_ £>(l+t+r)/2 ^ ^-l^gl+t+r^n g-1 B (l+t+r)/2 

Then (C5) is obtained immediately. 



(C5) => (C3). 

( B r/2 (B t/2 A p B t/2 ) s B r/2 )^ 
= (B r / 2 (B t / 2 B- t / 2 (B^S-\B 1+t+r S- 1 ) n B 1 i 1 ) 1 / s B- t / 2 B t / 2 yB r / 2 )^ 

= (b^s-Hb^s^tb 1 ^)^ 

= ({B^S-'B^T^ 
= B^S^B 1 ^ 
> B 1+t+T . 

The first equality is due to (C5), the last inequality is due to O < »S ^ \\S\\I ^ / => 

s- 1 > I. 

Remark 2.1. The special case r = and s = 1 of Theorem 2.1 just is Theorem 
1.4. (A2), (A3), (A4), (A5) in Theorem 1.4 are extended to (C2), (C3), (C4), (C5) in 
Theorem 2.1, respectively 

Theorem 2.2. For p, r > 0, t ^ and any integer n ^ 1 such that 
(p + t)s + r = (n + 1) ■ (t + r), the following assertions are equivalent. 
(Dl) A » B ; 

(D2) A t+r ^ (A r / 2 {A t / 2 BPA t l 2 ) s A r / 2 )^ ; 
(D3) {B r / 2 {B t / 2 APB t / 2 ) s B r l 2 )^ > B t+r ; 
(D4) there exists a unique T > O with ||T|j ^ 1 such that 
BP = A~* (A** (TA t+r ) n TA^ )iA~* 
= A-^{A^T{A t+r T) n AifsA'i ; 
(D5) there exists a unique T > O with ||T|| ^ 1 such that 
AP = B-t(B3 (T- 1 B t+r ) n T -1 B3)7.B-5 
= B- t 2(BhT- l {B t+r T- 1 ) n B^)-sB-i. 
Proof. 

(Dl) (D2) is obvious by Theorem 1.10. 

(D2) (Dl). Take t = 0, r = then ps = 1 and An ^ (i^5i^)^. Take 
logarithm of both sides and refining, we have log A ^ log (A^ BA^), and let 
n — >■ oo, log A ^ log B is obtained. 

(D2) (D3) is due to the fact that A > B B^ 1 > A' 1 . 
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The proofs of (D2) o (D4) and (D3) <=> (D5) are similar to the proofs of (C2) <^> (C4) 
and (C3) <5 (C5), and we omit them here. 

Remark 2.2. The special case t = and s = 1 of Theorem 2.2 just is Theorem 
1.5. (B2), (B3), (B4), (B5) in Theorem 1.5 are extended to (D2), (D3), (D4), (D5) in 
Theorem 2.2, respectively. 

Corollary 2.1. For p > 0, t ^ 0, the following assertions are equivalent. 
(El) A > B ; 

(E2) AP +t ^ (A p / 2 (A*/ 2 5 p A*/ 2 )(P +2t )/(P + *)A p / 2 ) 1 / 2 ; 
(E3) {BP/ 2 {B t / 2 APB t / 2 )^ +2t ^^ +t ^B p / 2 ) 1 / 2 ^ 5^+* ; 
(E4) there exists a unique T > O with ||T|| ^ 1 such that 

B p = A -t/2^ A t/2 TA p+t TA t/2^{p+t)/{p+2t) A -t/2 . 

(E5) there exists a unique T > O with ||T|| ^ 1 such that 
A p = B -t/2( B t/2 T -l B p+t T -l B t/2^{p+t)/{p+2t) B ~t/2_ 

Proof. Take n = 1, r = p in Theorem 2.2, then s = (p + 2t)/{p + t). 
Remark 2.3. If t = 0, Corollary 2.1 just is Corollary 3.1 in [5J. 

Corollary 2.2. For any positive integer m,n, the following assertions are equivalent. 
(Fl) A > B ■ 

1.1 1 1 1 m+n+1 1 1 

(F2) Am+n ^ (A^(A^BA^) m + 1 ^42^)^+i ; 

11 1 m + n + 1 i 1 i . i 

(F3) (B^(fi^iB^) rn+i 5^)^+1 ^ B™ + ~ ; 

(F4) there exists a unique T > O with ||T|| ^ 1 such that 

1 1 1 . 1 1 m + l i 

B = A~2^(A2^(TA™ + ™) n TA2^)™+™+ 1 A~2^ 

1 1 1,1 i m+l l 

(F5) there exists a unique T > O with ||T|| sj 1 such that 

1 1 i 1 i 1 i 1 m+l 1 

A = Fs(5^(T -1 Bs+i) n T -1 Bs)WFS+i s~2^ 

1 1 -.l.l-i 1 m+l 



= B~^(B~^T^ 1 (B~ + ~T~ 1 ) n B2^)^+^ B~2^. 
Proof. Take p = 1, r = -, t = — in Theorem 2.2, then s 



>» + » + ! 
m+l • 



Remark 2.4. Let m — > oo, Corollary 2.2 just is Corollary 3.2 in [5]. 

Corollary 2.3. For any positive integer m, n and some a > 0, the following assertions 

are equivalent. 

(Gl) a n+1 A > B ; 

m + n+1 lil 1 1 1 m+n + 1 i 1 

(G2) a A™ + ~ ^ (A^(A^BA^) m + 1 A^)^ 1 ; 
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m + n + 1 11 1 m+n+1 1 1 1 . 1 

(G3) a rn+i [B~^{B^AB^) ^ ; 

(G4) there exists a unique T > O with ||T|| ^ 1 such that 

,i 1 1 lil 1 m+l l 

,1 1 1 1 i 1 1 m+l i 

=a n+l A~^(A^T{A™ + nT) n A^) : ^+ : ^A~~i ; 
(G5) there exists a unique T > O with ||T|| ^ 1 such that 

,-1 1 1 -ilil -il m + l 1 

a n +M = B^^ (B^ (T^ 1 B^ + ^) n T^ 1 B^)^+^ B~^ 

1 1 -j lil i 1 m+l 1 

=B~^(B^T~ 1 (B™ + nT~ 1 ) n B^) : ^ : + T B~2^. 
Proof. Replace A by a n+1 A in Corollary 2.2. 

Remark 2.5. Let m — > oo, Corollary 2.3 just is Corollary 3.3 in [5]. 

Corollary 2.4. For any positive integer m and some a > 0, the following assertions are 

equivalent. 

(HI) a 2 A » £ ; 

m+2 ill 1 1 1 m + 2 i 1 

(H2) a^A^s ^ (A2 (A^k BA2^)m+i A2)2 ■ 

m+2 il i m + 2 11 1 1 

(H3) o^+T(B2(Ba4Ba)^+iB5)2 ^ ; 

(H4) there exists a unique T > O with ||T|| ^ 1 such that 

1 1 1 i 1 1 m+l 1 

B = a 2 A~2^(A2^TA L+ ™TA2^)™+ 2 A~2^ ■ 
(H5) there exists a unique T > O with ||T|| ^ 1 such that 

Proof. Take n = 1 in Corollary 2.3. 

Remark 2.6. Let m — > oo, Corollary 2.4 just is Corollary 3.4 in [5]. 

3 Applications of Complete form of Furuta Inequality in 
Operator Equations 

In this section, we will introduce some applications of Complete form of Furuta 
Inequality in operator equations. Several kinds of operator equations will be researched 
and related characterizations of solutions will be proved. 

Throughout this section we assume A and B are positive definite operators. 
Theorem 3.1. If 1 ^ r ^ 0, p > po ^ 0, for a nonnegative integer n such that 
p + r = (n + l)((2po + t) + r), the following assertions are equivalent. 
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(3-1) A > B > O ; 

(3-2) (A*B*>A*) 2 > {AiB p Ai)^TT ; 

(3-3) There exists a unique S > O with H^H ^ 1 such that 

BP = B po A%S(A%B po A r B po A%S) n A%B po = B P0 A%(SA%B P0 A r B P0 A%) n SA%B P0 . 
Proof. (3-1) =>• (3-2) is obvious by Theorem 1.3. 

(3-2) => (3-1). Takepo = 0, r = 1, n = mp + r = (n + l)((2p + r + r) and (3-2), then 
p=l and A 2 ^ A^BA^. 

(3-2) =>■ (3-3). According to Theorem 1.8, there exists an operator C with ||C|| ^ 1 
such that {A*BPA*)*&V = (A^B^A^C = C*(A%B P0 Ai). Take S = CC*, then 
||5|| = \\CC*\\ < 1 and 

(A r 2B p A r 2)^ = (A%B P0 A2)S(A%B P0 A%). (3.1) 

By (3.1), S is unique and the following equality holds, 

A*B p A* 
= ((A r 2B p »A^)S{A r 2B P0 A r 2)) n+1 
= A r 2B p "A^S((A^B P0 A r 2) 2 S) n A^B Po A^ 
= A r 2B Pa A^(S(A^B po A r 2) 2 ) n SA^B Pa A^. 

By above equalities, we can obtain (3.3). 
(3-3) => (3-2). 

{AiB p Ai)^ 
= (A^B po A^S(A^B po A r B po A^S) n A^B po A^)^i 
= ((A^B Po A^SA^B Po A^) n+1 )^ 
= (A^B P0 A r 2)S(A r 2B Pa A^) 
< (A^B po A r 2) 2 . 

The first equality is due to (3-3), and the inequality is due toO<5^||5||/^7. 

Corollary 3.1. If 1 ^ r ^ 0, p > po ^ 0, for a nonnegative integer n ^ such 
that p + r = (n + l)((2po + r) + r), the following assertions are equivalent. 
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(3-1) A > B > O ; 

(3-4) {BiA p Bi)^ > (B%A P0 B%) 2 ; 

(3-5) There exists a unique S > O with \\S\\ ^ 1 such that 

A p = A po BiS- 1 (BiA Po B r A Po BiS- 1 ) n BiA PQ = A Po B% (S' 1 B% A Po B r A po Bi) n S^ 1 B% A Pa . 
Proof. Replace A and B by -B -1 and A" 1 , respectively, in (3-2) and (3-3), then (3-4) 
and (3-5) are obtained. 

Theorem 3.2. If r ^ 1, p > po ^ 0, for a nonnegative integer n such that 
p + r = (n + l)((2po + 1) + r), the following assertions are equivalent. 
(3-1) A ^ B > O ; 

2p () + l + r j 

(3-6) (A%B Po A%) vo+r ^ (A^B p Ai)~ ; 

(3-7) There exists a unique S > O with H^H < 1 such that 

r r r 2 PQ+ 1 + r r r 2p + l + r 2p + l + r 

B p = A-2(A2B P0 A2) 2 *>o+ir S((AiB po A2) po+- S) n (AzB P0 Az) 2 po+ 2 ^ A~^ 

2pQ+l + r 2pQ + l+r 2pQ + l+r 

= A~i{Ai B Po A%) 2 po+ 2 - {S(A% B Po A%) ) n S(A% B Po A%) 2 Po+ 2r A~i . 

Proof. (3-1) => (3-6) is obvious by Theorem 1.3. 

(3-6) (3-1). Take n = 0, p = 0, r = 1 in p + r = (n + l)((2p + 1) + r) and (3-6), 
then p = 1 and A 2 ^ A^BA^. (3-1) is obtained. 

The proof of (3-6) o (3-7) is similar to the proof of (3-2) o (3-3) in Theorem 3.1, 
so we omit it here. 



Corollary 3.2. If r ^ 1, p > po ^ 0, for a nonnegative integer n such that 
p + r = (n + l)((2po + 1) + r), the following assertions are equivalent. 
(3-1) A > 5 > O ; 

r „ 1 _ _. 2p + l + r 

(3-8) (BaAPBa)H+T ^ (J3 a A«>.B a) PO+r ■ 

(3-9) There exists a unique S > O with ^ 1 such that 

2pp + l + r 2pQ + l + r 2pQ + l + r 

A p = B~i{B^A Po Bi) 2 Po+ 2 rS~ 1 {{B^A Po B^) po+r S~ l ) n {B^ A Po B^) 2 po+ 2 - B~^ 

r 2p„ + l + r 2p + l + r 2p + l + r 

= B~2(BiA po B2) 2 Po+ 2r (S (B2A po B2) po+ r ) n S {B* A p " B?-) 2 po+ 2 ^ B~* . 

Proof. Replaced A and B by and A~ l in (3-6) and (3-7) of Theorem 3.2, 

respectively, then (3-8) and (3-9) are obtained. 
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Theorem 3.3. If r ^ 0, 2po + min{l,r} ^ p > po ^ 0, for a positive integer n 

such that n(p + r) = (n + l)(po + r )> the following assertions are equivalent. 

(3-1) A ^ B > O ; 

(3-10) (.4§5PMi) 1+ ^ ^ Ai^Ai ; 

(3-11) There exists a unique S > O with ^ 1 such that 

(A^B po Ai) n+l = {{A^BPA^S^iA^BPA^Y 1 . 
Proof. (3-1) => (3-10) is obvious by Theorem 1.3. 

(3-10) (3-1). Take n = 1, p = 0, r = 1 in n(p + r) = (n + l)(po +r) and (3-10), then 
p = 1 and A 2 ^ A^BA^. A^ B is obtained. 

(3-10) (3-11). By (3-10) we have A^B'* A~i ^ (A^is-Po^-i) 2 ^. According to 
Theorem 1.8, there exists an operator C with ||C|| ^ 1, such that 

(A-^B-pvA-^) 1 ^ = (A-iB-M-5)5C = C*(A-iB-PA-5)5. 
Take S = CC*, then S 1 > O, \\S\\ < 1 and the following equality, 

(,4-5£- p M-5)^ = {A'^B~ p A~^)^S{A-iB~ p A~^)h. (3.2) 

By (3.2), S is unique and (Ai5»>A§) n+1 = ((i^BM^^^BM^)". 

(3-11) => (3-10). Because of (3-11) and the fact that S > O with < 1 => S' 1 > I, 

we have (A* B Pa A^) l+ ^ = (A* B p 'A*)* S' 1 (A% B p 'A§)3 > A^B P A^. 

Corollary 3.3. If r ^ 0, 2p& + min{l,r} ^ p > po ^ 0, for a positive integer 

n such that n(p + r) = (n + l)(po + r )> the following assertions are equivalent. 

(3-1) A ^ B > O ; 

(3-12) B$A P B% ^ (Si^Si)^ ; 

(3-13) There exists a unique S > O with 1 1 *S' | [ ^ 1 such that 

(BiA PQ B r 2) n+1 = ({B r 2A p B^S{B^A p B^)l) n . 
Proof. Replace A and B by B~ l and ^1 _1 , respectively, in (3-10) and (3-11) of 
Theorem 3.3, then (3-12) and (3-13) are obtained. 
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